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An ana ly t i ca l  m e t h o d  is  shown f o r  d e t e r m i n i n g  the t e m p e r a t u r e  f ie ld  of a body whose  v a r i a b l e  
t h e r m o p h y s i c a l  p r o p e r t i e s  a r e  func t ions  of the space  c o o r d i n a t e s .  The  p r o b l e m  is  so lved  f o r  
a p la te  and fo r  a c y l i n d e r  whe re  the  t h e r m a l  conduc t iv i ty  is  an exponent ia l  funct ion of one 
space  c o o r d i n a t e .  

Exac t  ana ly t i ca l  m e t h o d s  of so lv ing  the equa t ions  of hea t  conduct ion  with v a r i a b l e  c o e f f i c i e n t s  have  
been so f a r  deve loped  f o r  only a v e r y  l i m i t e d  r ange  of p r o b l e m s  [1]. E s s e n t i a l l y ,  so lu t ions  have  been  o b -  
t a ined  fo r  the o n e - d i m e n s i o n a l  c a s e  in a h a l f - s p a c e  (0 _< x -< ~). M o r e o v e r ,  a s  a ru le ,  c l o s e d  so lu t ions  
a r e  e x p r e s s e d  in the f o r m  of unwie ldy  funct ional  r e l a t i o n s .  F o r  th is  r e a s o n ,  in e n g i n e e r i n g  t h e r m o p h y s i c s  
one p r e f e r s  a p p r o x i m a t e  m e t h o d s  even  when an exac t  solut ion to a b o u n d a r y - v a l u e  p r o b l e m  is  ob ta inab le .  
We will c o n s i d e r  the b o u n d a r y - v a l u e  p r o b l e m  of hea t  conduct ion in a nonhomogeneous  m e d i u m  12 with v a r i -  
able  t h e r m o p h y s i c a l  p r o p e r t i e s ,  in the fo l lowing coo rd ina t e  notat ion:  

c (M) ,~ (M) 0T_.T = div [Z (,~lb grad T (M, t)] -~ q (34) T (34, t) -i- iV (M, t), (1) 
Ot 

iT(M, t)]~=0 = / ( M ) ,  l i T ( M ,  t ) ] r = ~ ( M ' ,  t), (2) 

whe re  M iS any g iven  point  with c o o r d i n a t e s  x, y, z (M6~2), M' is  a point  on the bounda ry  F, and 1 is  the  
f i r s t -  o r  s e c o n d - o r d e r  d i f f e ren t i a l  o p e r a t o r  in space  c o o r d i n a t e s .  

Le t  

T* (M, s) ::~ .~ T (34, t) exp (--st) dr, 
0 

then the b o u n d a r y - v a l u e  p r o b l e m  (1), (2) in Lap l ace  t r a n s f o r m s  b e c o m e s  

div [~ (M) grad T* (M, s)] :-  [q (M) - -  cgs] T* (M, s) - -  cvf (M) +g":  = O, (3) 

I [ T * ( M ,  S)ir= (p*(M', s). (4) 

An a p p r o x i m a t e  so lu t ion  to the b o u n d a r y - v a l u e  p r o b l e m  (3), (4) i s  found in the f o r m  of a v e c t o r  sub -  
t end ing  the  c o o r d i n a t e  func t ions  ~I(M), r . . . . .  ~41(M) in s o m e  n - d i m e n s i o n a l  funct ional  space  

t~ 

T,* (34, s~ ~ eo*(M, s) -~-~ i,. (s)%(M). (5) 
le=l 

Func t ions  ~/R(M) a r e  cont inuous ,  as  a r e  a l so  t h e i r  f i r s t  d e r i v a t i v e s ,  they a r e  l i n e a r l y  independent ,  and they  
sa t i s fy  the h o m o g e n e o u s  condi t ion 

l ien (M)]r =- 0. 

The ini t ia l  v e c t o r  ~*(M, s) i s  sub jec t  to condi t ion (4). The coe f f i c i en t  t r a n s f o r m s  at~(s) a r e  p r o j e c t i o n s  of  
v e c t o r  T*(M, s) on the  c o o r d i n a t e  a x e s  and a r e  found f r o m  the r e q u i r e m e n t  of an o r thogona l  d i v e r g e n c e  

e,, [ a~ (s), a# (s) . . . . .  a~ (s), 341 - : div !)~ grad T,~) -i- (q - -  c3,s) T* --  c3,[ -i- W* ~ 0 

i m p o s e d  on all c o o r d i n a t e  func t ions  [2] 
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, f l  

Integrat ing ove r  the space ~2 t r a n s f o r m s  the las t  s y s t e m  into an a lgebra ic  s y s t e m  of l inear  equations in co-  
eff icients  al*(s ) . . . . .  a*(s).  The fundamental  de te rminant  of s y s t e m  (6) is  a G r a m m e  de te rminant  not equal 
to zero  in any choice of coordinate  functions.  After  calculat ing the coeff icient  and p e r f o r m i n g  an inverse  
t r ans fo rma t ion  to original  functions in (5), we a r r i v e  at the solution to the or iginal  p rob lem.  

W e l e t  ~2{0 -< x --- l}, cT = cons t ,  ~=h0e  -rex,  W =0 ,  a n d q = 0 s o t h a t E q .  (1) r educes  to 

OT 0 ~,oe_m~ . (7) 
cy Ot = Ox 

An approximate  solution to th is  equation, under  the uniqueness  conditions 

V(0, t) = 0, V(/, t) = r T(x, 0) = 0 (8) 

is  found in: Laplace t r a n s f o r m s  as  the following fami ly  of functions: 

e ~ l - 1  k=:t t ] \  l ] . (9) 

At constant  boundary values  (cp(t) = T c = const) this  solution, in the f i r s t  approximat ion,  r educes  to 

T (x, Fo) e ~ - - l _ [ 1  x ' ~  x 
T c " =  e " a -  1 ~, "l--)  ~ exp [--B(cz)Fo], (10) 

where  

=: ml, Fo- -  a~ 
l" 

At the l imit ,  according  to UHopi ta l ' s  rule,  we obtain 

B ( a ) =  30[ (cz~ ' - -4~+8)- -e -=(~ ' - ' - -4~  8)1 , (11) 

_ _ _  , a 0  L~, 
c? 

Solution (10) at the l imi t  m -~ 0 is  

e r e x -  1 x 
lira B (a) :-- 10, lira . . . . .  

ce~O m-*o e r n l -  1 ! 

T ~  = t  -~ 1 - -  exp(--10 Fo). (12) 

In this way, when a ~ 0 (m/ --- 0.1), the approx imate  solution (10) a lmos t  coincides with the well known so-  
lution for  a plate with constant  heat  t r a n s m i s s i o n  coeff ic ients  [2]. Solution (10) a t  Fo -~ r approaches  the 
exact  solution cor responding  to the s t eady- s t a t e  p rob l em [1]. 

F o r  an infinitely la rge  plate 12{--R <- x ~ R} with s y m m e t r i c a l  boundary conditions,  p rob l em (1)-(2) 
r educes  to 

OT 0 ( e_(Ol~l OT 1 x 
OFo = mR, (13) 

T(~, 0 ) =  T 0, [T(~, Fo)l~=~:,-= (p(Fo). (14) 

Without de t rac t ing  f rom the genera l i ty  of th is  method,  we let  ~p(Fo) = T0(1 + PdFo) ,  (-Pd = bR2/Toao) and 
obtain in t r a n s f o r m s  

d ( e _ ~  aT* "1 - - s r* ( [ ,  s)-~ T O = 0 ,  (15) 

An approximate solution to the boundary-value problem will be sought within the family of linear compo- 
sitions 

(~, s)~ q~* (s) + a~ (s)[ e ~ ( I -  + /  e~a ( ~  1)"1 ~- ~ a* (s)(1--~) ~z(~-x) (17) 
t .  k tu  / 

J k = 2  
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The f i r s t  c o o r d i n a t e  func t ion  in so lu t ion  (17) h a s  been  s e l e c t e d  equa l  to  the  so lu t ion  to  the  equa t ion  

Og k - ~ ]  = T~ 

e x c e p t  f o r  the  c o n s t a n t  coe f f i c i en t .  

The  r e l a t i v e  e x c e s s  t e m p e r a t u r e  i s ,  to  the  f i r s t  a p p r o x i m a t i o n ,  w r i t t e n  in the  f o r m  

! 1 \ ' 1 ~  

To t L W \ ~ , /  o) \ ~ ] j s  

4 [e '~ ( o  ~ - -  2o) 3 . -  2(~ 2 ) - -  2o) ~] 
A (0)) = - , ~  . -. 

e" (4oP--  14(o ~ -i- 2 2 o - -  11)--  16e")(o - 1 ) - - 5  

w h e r e  

In the  q u a s i s t e a d y  mode  ( exp ( - -A(w)Fo  l) ~ 0), so lu t ion  (18) y i e l d s  

0(~, Fo, o) - - F o - -  ~ 1 - -  __ 
Pd ~o ~ 

, Fo ]> Fo x, 

(18) 

(19) 

(20) 

which  c o i n c i d e s  with the  e x a c t  so lu t ion .  

A f t e r  r e m o v i n g  the  i n d e t e r m i n a c y  a c c o r d i n g  to l ' H o p i t a l ' s  r u l e ,  we have  

ic  , ) _  ) 

At w ~ 0 e x p r e s s i o n  (18) becomes 

0 (~, Fo, Pd, 0) = Pd f F o - -  1 _  (1 - -  ~)[1 - -  exp (--2,5Fo)] i (21) 
[ 2 J 

The t e m p e r a t u r e  in thin p l a t e s  (w = mR _< 0.2) can  be c a l c u l a t e d  a c c o r d i n g  to f o r m u l a  (21), which  h a p p e n s  

to be the  so lu t i on  with a c o n s t a n t  t h e r m a l  c o n d u c t i v i t y  [2]. 

F o r  an i n f in i t e ly  long c y l i n d e r  ~{x 2 + y2 < R 2} we l e t  ~ = ho e m r ,  cT = cons t ,  and  02 = ( r /~ )2  = ~2 + ~2 

_< 1 so tha t  Eq.  (1) can  be w r i t t e n  a s  

- -  a O OT , O ~ ~'-+y'- OT 
Ot o eml OX -~- ~ em - -  O y  (22)  

In c y l i n d r i c a l  c o o r d i n a t e s  and with s y m m e t r i c a l  b o u n d a r y  c o n d i t i o n s  

T (p, 0) := T 0, iT (p, Fo)]p= 1 := (p (Fo) (23) 

Eq.  (22) r e d u c e s  to  

We wil l  now a s s u m e  tha t  

OT e,OO ( 02T 1 OT o OT I (24) 
_ _ =  . - .  . 

0 Fo , Op ~ p Op 0p } 

lira q~ (Fo) - T e = const, (25) 
F o o  

Then s t e a d y  s t a t e  p r e v a i l s  in the  c y l i n d e r  and  OT/OFo = O. I n t e g r a t i n g  the equa t ion  

_ _  _ _ _  
{ O~T ~ I OT ~_o = 0 ,  

e~176 ~,.Op -77-~- ~- p " Op 

we obtain 

O_TT __ Ce_COo. 
9 ap 

Since  (p(OT/~p))p= o = 0, h e n c e  C ~ 0. When (T)p= 1 = T c = cons t ,  t h e r e f o r e ,  then  T(p) = Tc wil l  be the  s o -  
lu t ion  to  the  equa t ion ,  i . e . ,  the  t e m p e r a t u r e  f i e l d  b e c o m e s  u n i f o r m  u n d e r  s t e a d y - s t a t e  c o n d i t i o n s  in a c o n -  
t i nuous  n o n h o m o g e n e o u s  c y l i n d e r ,  j u s t  a s  in a h o m o g e n e o u s  c y l i n d e r .  Whi le  s a t i s f y i n g  the  cond i t ion  (25), 
we s e e k  the so lu t ion  to  p r o b l e m  (24), (23) in the  t r a n s f o r m  doma in :  
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T ~  (p, s) - r (s) + s a ~k ( s ) ( 1 - - 9  *) p2(k-x). 
k = l  

(26) 

at T*(p,  s) = T~(p, 
in o r d e r  to obtain 

We c o n s t r u c t  the d ive rgence  fo r  the equat ion 

~_ d p \  --~-,o ] -7 ~op --~-p j - -  spT* (p, s) --' ToP = 0 (27) 

s) and we r e q u i r e  tha t  the resu l t ing  e x p r e s s i o n  be or thogonal  in function @I(P) = (1--p2), 

f r o m  where  

1 I 

.f {2e~P (2p + co92)(1 p~) -7 s (1 f')~P} do [T O s(p* (s)] f (1 p2) pdp = 0, 
0 0 

a~ 3 
1 (s) = - - ~  [T o sq~* (s)]-Is + A (co)l-l, (28) 

where  

A (co) = 12 [e ~ (2(03 - -  6 0 )  z ~ 1 2 ~ - - 1 2 )  - -  ,12] 
r ~ (29) 

when ~0(Fo) = T c = const ,  the r e l a t i ve  e x c e s s  t e m p e r a t u r e  is ,  to the f i r s t  approx imat ion ,  

0(p, Fo, co)= T(O, Fo~ To = 3 ( l _ f ) e x p  [ A(co)Fo]. 
2 To _ Tc (30) 

The r e l a t i ve  e x c e s s  t e m p e r a t u r e  inside a cy l inde r ,  with an exponential  t e m p e r a t u r e  drop a c r o s s  the 
wall 

(Fo) -- T c -7 (T o - -  Te) exp ( Pd Fo) 

is ,  to the f i r s t  approx imat ion ,  

O(p, Fo, Pd, co) T(p, Fo) T c - = e x p ( P d F o )  ' 3 [ To Tc -7 - ~  exp [ A (~o) Fo] 

[Pd~(co)]  [Pd exp ( Pd Vo) A (co) exp ( A (co) Fo)]} (1 - -  p2). (31) 

In those  c a s e s  where  condit ion (25) is  not sa t i s f i ed  the conve rgence  of the app rox ima te  solut ion to the s y s -  
t e m c a n b e  im proved  by se lec t ing  the coord ina te  funct ions  as fol lows.  As the f i r s t  coord ina te  funct ion we 
se lec t ,  a c c u r a t e l y  down to the cons tan t  coef f ic ien t ,  the solut ion to Eq.  (24) fo r  the q u a s i s t e a d y - s t a t e  p e r i -  
od. F o r  a l i nea r  t e m p e r a t u r e  r t s e  at the boundary  (g0(Fo) = T0(1 + P d F o ) ) ,  fo r  example ,  we let  0 T / 0 F o  
= P d T  0 in Eq. (24). Fo r  the quas i s t eady  mode,  then,  the solut ion to the bounda ry -va lue  p r o b l e m  (24), (23) 
is  wr i t t en  as  

When the su r face  t e m p e r a t u r e  r i s e s  l inea r ly ,  t h e r e f o r e ,  the t e m p e r a t u r e  f ie ld  ins ide  a ey l i nde r  will be 
sought in the f o r m  

1 1 + o)~ e-~D k (s) (1 (33) r .  (p, s, ~) = ~* (s) + a:(s) e-~  - ~ -  + - ~ -  - -  
�9 k = 2  

F o r  s impl ic i ty ,  we will seek  the solut ion to  the f i r s t  approx ima t ion  only.  The de t e rmin ing  s y s t e m  (6) r e -  
duces  to 

a~ (s) [ '  e-~ (coz _1_ 3co ~ co~ q- 6r -~ 6) 6 

-{- s e-2~ (4034 -~- 20{03 q- 54(08 -{- 78(O8co 6 + 39) - -  48 (0~ -j-. 1) e -~ -+- 9 ] 

A 

ToPd [ 6 - - e - ~ ( o ~ 3 + 3 c o 2 + 6 o ~ + 6 )  ] 
S 0.) 4 ' 
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TABLE 1. Approx ima te  E igenva lues  and Func t ions  

n=l  n=2 n=5 

exact 
values 

n=3 n=4 

9,8696 9,8696 

39,9978 39,4893 

142,6322 94,1187 

324,5255 i 

k=  1 t0,5 I 9,875t 9,8696 9,8696 
i 

k = 2  I I 50.1246 39,4784 39,4784 

.~ == 3 [ 88,8825 88,8264 

:= 4 194,4327 157,9137 

~.--5 515 ,2573  246,7401 

l 
r 
J 

:~4; := 1 ,9999 - -  3 ,2888p  ~ - -  1 ,6178p 4 --- 0 ,36919  ~ ~- 0 , 0 t 0 2  p8 

;~4) 1,9661 12,50729" n-  22 ,4460pa 16,2848p ~ -p 4,3799p s 

~4) 1,6381 19,626492 -3 60,795704 -- 68,5992p n -!- 25.791898 ~S = --" 

/'It 41 := 1,1642 - -  18,9394p'-' --'- 78 ,3586p  4 --- 114,840~t[ 6 _~_ 54 ,25709  s 

f r o m  where  

a]' (s) - -  Pd T~ [ 1 1 ] 
2 s s ~ D (o) ' 

with 

D (o) --- 

The r e l a t i ve  e x c e s s  t e m p e r a t u r e  is  wr i t t en  as  

80~ "~ [e - ~  (o z -]- 3o 2 -~- 6o) - -  61 

e -2~ (4o a + 20o 3 -- 54o ~ + 780) -i- 39) - -  48 (o -- 1) e -~ -,'- 9 
(34) 

0(p, Fo, Pd, r T(O, F o ) - - T  o = Pd[Fo__  l [ l _ e x p ( _ _ D ( o ) F o ) ]  
T o 2 

1 
• [ e - ~ ( ~  + ol "), _ _ ( + _  o__T)e_~ 0 t } .  (35) 

The solut ion to Eq.  (35) at a suf f ic ien t ly  l a rge  Fo co inc ides  with fo rmu la  (32). 

We ca lcu la te  the l imi t s  by l ' H o p i t a l ' s  ru le  and obtain 

l i m O , o ) = 6 ,  l i m [ e - ~ (  1 + o ) _  _ e  - ~ (  po-',-o 2 1 ) ) ]  = __1 (l--p"-).,  
~ - 0  o"  2 

At the l imi t  w ~ 0, Eq. (35) y i e ld s  the c o r r e s p o n d i n g  app rox ima te  solut ion fo r  a cy l inde r  with a cons tan t  
t h e r m a l  conduct iv i ty  (lira ~0 e ~ p  = ~0) 

0(p, Zo, Pd) = {Fo--  & 4  (1 - -  p 2) [1 - -  exp (--  6Fo)]} Pd. (38) 

In r e l a t ion  (33), when n -> 2, the l imi t s  have the fol lowing p r o p e r t i e s :  

l imsa~(s)= lira a l ( F o ) -  T~ , limsa~(s)~ lima1~(Fo)--0 ( k ) 2 ) ,  
s~0 F o ~  2 s~0 F o ~  

i. e . ,  the solut ion in the s u c c e s s i v e  second,  th i rd ,  and fol lowing app rox ima t ions  a p p r o a c h e s  an a sympto t e  
at Fo ~ ~ which co inc ides  with the exac t  solut ion for  the quas i s t eady  mode.  

In o r d e r  to c o m p a r e  the a p p r o x i m a t e  solut ion obta ined  by this  me thod  with the well  known exac t  so lu -  
t ions,  we will show h e r e  ca l cu la t ions  of the t e m p e r a t u r e  inside a homogeneous  s p h e r e  with boundary  con -  
di t ions of the f i r s t  kind. 

The r e l a t i ve  e x c e s s  t e m p e r a t u r e  is,  to the f i r s t  approx ima t ion ,  
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o q/ o,g ~o 

Fig. 1. Mean re la t ive  t e m p e r -  
ature 0 as a function of the F o u r -  
i e r  number  Fo, for  a sphere;  
the dots r ep resen t  value ca l -  
culated according to formula  
(38). 

n 

0,~ (P, Fo) = T (9, Fo) - -  Tc = ' ~ ,  (__ 1)k+~f(fl) (P) exp (-- s(fl) Fo), (37) 
To - -  Tc ~k=l 

where f~n)(p) are  polynomials in even powers 2n. The calculated eigen-  
values  up to the fifth approximation and the values  of functions f(k n) (p) 
for  n = 4 are  shown in Table 1. A close agreement  is evident between 
the etgenvalues and the exact values.  The polynomial fl4)(p) a lmost  co-  
incides with the f i r s t  etgenfunction 2 sin ~p/Trp in the exact  solution. 

We multiply Eq. (37) by 3p 2 and integrate  f rom 0 to 1, which yields  

O4 (Fo) = 0.6079 exp (-- 9.8696 Fo) ~- 0.1523 exp (-- 39.4893 Fo) 

~' 0.0853 exp (--94.1187 Fo) q- 0.0999 exp (-- 157.9137 Fo). (38) 

Integrating the f i r s t  four t e r m s  in the exact  solution, we have 

04 (Fo) = 0.6079 exp (-- 9.8696 Fo) _ 0.1520 exp (-- 39A784 Fo) 

+ 0.0675 exp (-- 88.8264 Fo) -~ 0.0038 exp (-- 157.9137 Fo). (39) 

Obviously, the exact  solution is 0~o(0) = 1. F r o m  (38) and (39) we have 
04(0) = 0.9454 and ~r = 0.8388. The maximum e r r o r s  in solutions 
(38) and (39) are  5.56 and 16.88% respect ive ly ,  when Fo = 0. On the 
whole, solution (38) converges  be t te r  than solution (39). 

Solution 04(Fo ) is compared  wtth the exact solution graphically in Fig. I. 

When the specific heat and the thermal  conductivity both vary  according to a symmet r ica l  law 
X 

ey=Co%(1 +o]~[)"*, )~=~o(1 +c0]gl) =, - - 1 . ~ = - - . 4 1  
R 

and when the boundary conditions are  symmet r ica l  (14), then the t empera tu re  field inside fa{--1 -<- ~ <- 1} 
is an even function of var iable  ~. For  this reason,  for  an infinitely large plate Eq. (1) reduces  to 

OT = 0 [(1 + ~ ) "  0~T ] 0 ::::~<1. (40) 
(1+~o) m0F0 0~ 0~ J' 

Since the derivat ive of functions ~ = ~0(1 + w I~ l) n is discontinuous at the point ~ = 0, hence the derivat ive 
8T/0~ is a discontinuous function at the center  of a plate (~ = 0) and (~T/0~)~= 0 ~ 0 is possible even with 
a symmet r ica l  t empera tu re  profi le  ac ros s  the plate thickness.  Consequently, an analysis  of the problem 
on the interval  0 - ~ - 1 brings the singular point ~ = 0 to one end of that interval ,  inside which the t e m -  
pera tu re  together  with its derivat ive remain continuous functions. In this case the condition (0T/a~)~= 0 
= 0, which is necessa ry  when the thermal  conductivity is constant, may not prevai l  here .  

Let  us assume that the wall t empera tu re  becomes  a l inear  function when Fo is sufficiently large,  i .e. ,  
that 

lim q~ (Fo) _ const, (41) 
F o  ~ ~ Fo 

and then the t empera tu re  inside a plate will be an asymptotic  function during the quasisteady period.  

In Eq. (40) we let  8T/a  Fo = T0Pd, and the solution for  zero  boundary values at point ~ = 1 will then 
be 

T(~, o), m, n, Pd )=  

The solution to problem (40), 
fo rm 

PdTo 
&-( re+ l )  ( m - - n + 2 )  l ~ n  " 

__[  ( 1 + ~  __ (1-km) 1-" ]} .  
(m n-+-2) ( l - - n )  

(41) in Laplace t r ans fo rms ,  with condition (41) satisfied,  is sought in the 

�9 ([ (1+~(o) "~-'~+2 (1 -- ~(o)X-n 1 
T:  (~, s, Pd) = q~* (s) + a~ (s) (m---- n ~ ~ 1 - -  n 

[ (1+(o) "-'~+~ (1+(o)  1-" ]} " 
- -  + " ~  a*k (s ) (1 _ g,) g,(k-1). 

( m - - n  + 2 )  1 - - n  ~,~ 
k = 2  

(42) 

(43) 
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Having de te rmined  the coeff ic ients  ak(s) and p e r f o r m e d  inverse  t r an s fo rma t ions ,  we find the solution 
to the or iginal  p rob lem.  With the given choice of coordinate  functions,  the following equal i t ies  hold t rue  
for  the l imi t s  

lira sa~ (s) = lira a 1 (Fo) - PdT~ , lira sa~ (s) = lim a~ (Fo) =0 (k~2). 

If the wall t e m p e r a t u r e  sa t i s f i es  the condition lira ~o(Fo) = To, then an inverse  t r an s fo rma t ion  of (43) will 
Fo~O 

yield for  the quas is teady mode (Fo - Fol) 

PdT  o {[ ( 1 + ~ )  m-'~+~ 
T ( g ' F ~  P d ' ~ 1 7 6 1 7 6  o)~m---+l) m - - n + 2  

( l+~(~ ] l - - n  = - [  (1-k-c~ (1+~  ] } l - - n  . (44) 

We note that 

lira o)-;-{[ (1-+-~(~ (1 -{- (~ ] 1  - - n  

- - I  (1 + m )  m-n+2 (1 +co) ~-'~ -il ( r e + l )  (1--~2)  
m - - n + 2  1 - - n  _J 2 

and, to the f i r s t  approximat ion ,  the t e m p e r a t u r e  field (43) in the original  domain at co ~ 0 coincides with 
solution (21). 

Since the the rmophys ica l  coeff ic ients  )t and c y cannot be equal to zero,  then the equation of heat  con-  
duction (1) does not genera te  into a line or  a point inside region f~. I ts  solution will be a continuous func-  
tion of the coeff ic ients .  If coeff ic ients  )t and c y a re  functions of the point M and of the va r i ab le  co, and if 
the conditions 

lira Z (M, (o) - : ;% =- const, lim c7 == c0"% - const, 

a re  sat isf ied,  then the solution to the boundary-va lue  p rob lem (9), (2) is a continuous function of the v a r i -  
able co. At co ~ 0 the solution approaches  the solution of the cor responding  p rob lem with constant  heat  
t r a n s m i s s i o n  coeff ic ients .  

Thus,  the desc r ibed  method makes  it feas ib le  to analyze the t e m p e r a t u r e  field in one-d imens iona l  
and mul t id imensional  ca ses ,  in both c l a s s i ca l  and nonc lass ica l  formulat ion,  when the heat  t r a n s m i s s i o n  
coeff ic ients  a r e  va r iab le .  

With Fo rep laced  by X = (1/pc)  �9 (z/R) in the equation of heat conduction, our  method will yield e f -  
f icient  solut ions to internal  p r o b l e m s  of convect ive heat  t r a n s f e r  during turbulent  flow through pipes and 
channels,  just  as has  been shown in [2] for  l a m i n a r  flow. 

T*(M, s) 
S 

M(x, y, z) 
Y 

Pd = bR~/a0T0 
P d =  bR2/a 

NOTATION 

is the Laplace integral transform of the temperature T(M, t); 
is the Laplace operator; 
is a given point in region ~2; 
is the boundary of region ~2; 
is the Predvoditelev number for the case of a linearly rising wall temperature; 
is the Predvoditelev number for the case of an exponentially rising wall temperature. 

t .  

2. 

3. 
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